The rate at which two particles separate in turbulent flows is of central importance to predict the inhomogeneities of particle spatial distribution and to characterize mixing. Pair separation is analyzed for the specific case of small, inertial particles in turbulent channel flow to examine the role of mean shear and small-scale turbulent velocity fluctuations. To this aim an Eulerian-Lagrangian approach based on pseudo-spectral direct numerical simulation (DNS) of fully developed gas-solid flow at shear Reynolds number Re τ = 150 is used. Pair separation statistics have been computed for particles with different inertia (and for inertialess tracers) released from different regions of the channel. Results confirm that shear-induced effects predominate when the pair separation distance becomes comparable to the largest scale of the flow. Results also reveal the fundamental role played by particles-turbulence interaction at the small scales in triggering separation during the initial stages of pair dispersion. These findings are discussed examining Lagrangian observables, including the mean square separation, which provide prima facie evidence that pair dispersion in non-homogeneous anisotropic turbulence has a superdiffusive nature and may generate non-Gaussian number density distributions of both particles and tracers. These features appear to persist even when the effects of shear dispersion are filtered out, and exhibit strong dependency on particle inertia. Application of present results is discussed in the context of modelling approaches for particle dispersion in wall-bounded turbulent flows. C 2012 American Institute of Physics. [http://dx.
I. INTRODUCTION
Suspensions of dust, droplets, and other finite-size particles advected by incompressible turbulent flows are commonly encountered in many natural and engineering flows. [1] [2] [3] [4] [5] [6] [7] [8] Understanding how swarms of particles are moved by the underlying flow field is important in connection with dispersion, mixing and deposition phenomena. This connection clearly emerges in problems like air-quality control, dispersion of species in geophysical flows (e.g., clouds of contaminants in the atmosphere, 9 nutrients or drifters in the ocean, 10, 11 and reacting flows, where characterization of particle concentration fluctuations is one of the key issues. 12, 13 Fundamental knowledge of fluidparticles interaction and correct prediction of concentration fluctuations can be obtained examining the statistical properties of particle motion. Statistical properties richer in information seem those computed in the Lagrangian frame of reference, as underlined by Toschi and Bodenschatz 8 and by Salazar and Collins. 14 Lagrangian properties of particles in turbulence have been widely investigated in the context of two-particle dispersion problems, as demonstrated by the literature on the topic. 14 Of the many studies dealing with two-particle dispersion, most focus on the behavior of fluid tracers, 9, 15, 16 and consider flows where large-scale shear effects are not present. [16] [17] [18] The objective of this paper is to provide a statistical characterization of pair dispersion for the more complicated case of inertial particles in turbulent shear flow. Compared to the case of 073305-2 Pitton et al. Phys. Fluids 24, 073305 (2012) fluid tracers, inertial particles do not follow the flow exactly, and particle swarms exhibit complex, non-uniform clustered patterns which may be correlated to the topology of the flow. 2, 19 Because of this inertia-induced preferential sampling, the particle velocity field is compressible even though the underlying fluid velocity field is incompressible. This causes fluctuations of particle concentration that alter the structure of particle patterns. This phenomenology has been demonstrated and discussed in many experimental works, 2, 20 as well as numerical studies [21] [22] [23] [24] [25] [26] [27] [28] and theoretical analyses. 17, [29] [30] [31] From a modelling standpoint, reproducing accurately pair relative velocity and dispersion statistics is crucial to predict the effect of particle clustering on turbulent collisions and sedimentation. 17 In a series of recent papers, 32, 33 Bec and co-workers characterized the relative dispersion of heavy point particles in homogeneous isotropic turbulence, focusing specifically on the scaling of particle velocity distribution at changing the degree of inertia in the different dispersive regimes (dissipative, inertial, and diffusive). A further complication is the presence of shear, which stretches the distance between particles and is expected to induce strong deviations from the usual diffusion laws. Shear effects on Lagrangian observables were investigated by Celani et al., 34 who studied the dispersion of fluid tracers in turbulent isotropic flow with linear shear superposed. Relevant to the present paper is the finding that the range of validity of Richardson law for diffusion 35 is limited to timescales characteristic of the turbulent component of the flow whereas at longer timescales, characteristic of the shear, a different anisotropic behavior occurs.
To complement and extend current literature, we examine the dispersion of pairs of heavy particles in turbulent channel flow. In this case, the shear profile is a nonlinear function of the wall distance and its effects on particles are complicated by the interactions with a flow structure which is anisotropic along the wall-normal direction. This has an influence on the current framework used to model particle dispersion in sheared flows, since the model scales, as for instance the Lagrangian time scale of the fluid, 36 are strongly non-uniform across the channel. 37 Phenomena involving the effects of both shear and turbulent dispersion are currently modelled with approximated or ad hoc chosen scales. 36 Such modelling choices could be improved on the basis of statistical characterization of particle pairs coming from detailed numerical simulations.
The relative role of mean shear and turbulent fluctuations on dispersion is analyzed focusing on the mean square separation d 2 (t) = d (t) · d (t) , where d (t) = x P 1 p (t) − x P 2 p (t) represents the separation vector between two paired particles P 1 and P 2 , x i p (t) represents the location of the ith particle at time t, and · indicates an average over an ensemble of trajectory pairs. Statistics are organized in different families according to (i) the values of the particle Stokes number, St, defined as the particle response time normalized by a characteristic flow timescale; (ii) the location of pair release with respect to the walls; and (iii) the initial orientation of the separation vector. By doing so, we will find different time evolution for d(t) which depends on the properties of the particles (inertia, in particular) but also on flow characteristics-local mean shear, turbulent fluctuations and Lagrangian time scales-experienced by paired particles during the first stages of their motion. To our knowledge, there is no such database available for bounded flows: statistics presented in this paper might be particularly useful for validation of two-point Eulerian models, which are currently limited to homogeneous isotropic turbulence, 9, 17 and for improving current physical understanding of multiple particle dispersion. 38 The paper is organized as follows. In Sec. II, the equations of motion for both phases are briefly recalled and the numerical simulations are described. In Sec. III, qualitative phenomena and quantitative analysis of mean square separation of inertial particles and tracers are presented. To deepen this analysis, mean square separations are also evaluated by removing the shear dispersion effects. [39] [40] [41] This analysis is important in the context of the modelling strategies which are based on mimicking shear effects and turbulence dispersion as separate superimposed phenomena, given the large scale separation. Finally, in Sec. IV the main findings are summarized and recommendations for future research are given.
II. GOVERNING EQUATIONS AND NUMERICAL MODELLING
The reference geometry consists of two infinite flat parallel walls: the origin of the coordinate system is located at the center of the channel with the x, y, and z axes pointing in the streamwise, spanwise, and wall-normal directions, respectively (see Fig. 1 ). Periodic boundary conditions are imposed on the fluid velocity field in the homogeneous directions (x and y), no-slip boundary conditions are imposed at the walls (z = −h and z = h in Fig. 1 ). The size of the computational domain is L x × L y × L z = 4π h × 2π h × 2h. We consider non-reactive, isothermal, and incompressible (low Mach number) flow and monodispersed particles. Calculations use dimensionless variables in wall units, indicated by the superscript + hereinafter. Simulation parameters in the present study correspond to flow of air with density ρ = 1.3 kg m −3 and kinematic viscosity ν = 15.7 × 10 −6 m 2 s −1 moving at bulk velocity u b 1.65 m s −1 in a 4 cm-high channel; in this frame particles have density ρ p = 10 3 kg m −3 and diameters ranging from 45 to 230 μm (see Table I ).
A. Equations for the fluid phase and flow solver
The governing balance equations for the fluid in dimensionless form read as where u i is the ith component of the velocity vector, p is the fluctuating kinematic pressure, δ 1, i is the mean pressure gradient that drives the flow and Re τ ≡ u τ h/ν is the Reynolds number based on the shear (or friction) velocity, u τ , and on the half channel height, h. The shear velocity is u τ ≡ √ τ w /ρ, where τ w is the mean shear stress at the wall. The superscript + is dropped from Eqs. (1) and (2) for ease of reading. The flow solver used to perform the numerical simulations is based on a pseudo-spectral method that transforms the field variables into wave space to discretize the governing equations. In the homogeneous directions (x and y), all the quantities are expressed by Fourier expansions using k x and k y wavenumbers. In the wall-normal non-homogeneous direction, they are represented by Chebyshev polynomials. The solution, represented spectrally in all three flow directions, has the general form
in which T n (z) ≡ cos [n · cos −1 (z/h)] is the nth order Chebyshev polynomial. By using the orthogonality property of e i(k x x+k y y) , the equations for the Fourier coefficientsû(k x , k y , n) can be obtained. All the differential equations to be solved are of Helmholtz type with Dirichlet boundary conditions specified at the walls. Equations are time advanced using a two-level explicit Adams-Bashforth scheme for the nonlinear convection terms and an implicit Crank-Nicolson method for the diffusion terms. All calculations are carried out in wave space except for the nonlinear terms, which are computed in the physical space and then transformed back to wave space. This numerical scheme is standard for direct simulation of turbulence in domains of simple geometry, such as rectangular channels. 7
B. Equations for the dispersed phase and Lagrangian particle tracking
In the Lagrangian framework, the motion of particles is described by a set of ordinary differential equations for particle position, x p , and velocity, u p . These equations in vector form read as
where u @p is the fluid velocity at the particle position and τ p ≡ ρ p d 2 p /18μ is the particle response time (d p and μ being the diameter of the particle and the dynamic viscosity of the fluid, respectively). The Stokes drag coefficient is computed using a standard nonlinear correction 42 required when the particle Reynolds number, Re p = |u @p − u p |d p /ν, does not remain small (i.e., sufficiently large inertia).
To calculate individual particle trajectories, a Lagrangian tracking routine is coupled to the DNS flow solver. The routine solves for Eqs. (4) and (5) under the following assumptions: (i) particles are pointwise, non-rotating rigid spheres (point-particle approach) and (ii) particles are injected into the flow at concentration low enough to consider dilute system conditions: the effect of particles on the fluid and inter-particle collisions are neglected. Equations of particle motion are advanced in time by a 4th-order Runge-Kutta scheme: at the beginning, particles are randomly distributed over the computational domain and their initial velocity is set equal to that of the fluid at their location. Fluid velocity interpolation is performed by 6th-order Lagrangian polynomials (near the wall, the interpolation scheme switches to one-sided). The timestep for tracking heavy particles is δt + = 0.45, corresponding to about one tenth of the non-dimensional response time of the smallest particle tracked (d p = 45.6 μm, see Table I ) and ensuring adequate description of particle dynamics. 43 Periodic boundary conditions are imposed on particles moving outside the computational domain in the homogeneous directions. Perfectly elastic collisions at the smooth walls are assumed when the particle center is at a distance lower than one particle radius from the wall.
For the purposes of the present study, we decided to keep the simulation setting as simplified as possible to minimize the degrees of freedom. Inclusion of additional forces such as gravity and lift 44, 45 or incorporation of two-way coupling effects would just add quantitative corrections within the range of parameters examined-particle dimension (see Table I for details), density, and concentration-and would not modify the quality of the model. 24
C. Simulation parameters
Results presented in this paper are relative to a value of the shear Reynolds number Flow field data are taken from the same repository used for the benchmark test described in Marchioli et al. 43 Samples of n p = 4.2 × 10 6 particles characterized by different response times were considered. The response time is made dimensionless using wall variables, and the Stokes number is thus obtained
is the viscous timescale of the flow. This characteristic time scale supplies a measure of the time available for eddy-particle interaction. Table I summarizes the complete set of parameters relevant to the simulations of particle pair dispersion. We remark that the characteristic timescale of the flow changes depending on the specific value of the shear Reynolds number, namely on the specific value of the shear velocity. In the present case, τ f = 1.13 × 10 −3 s.
D. Initial pair arrangement
The initial distribution of position, velocity, and orientation of particle pairs is an important issue when looking at the relative effects of mean shear and turbulence fluctuations on dispersion in wall-bounded shear flow, because small differences in the initial conditions can determine large differences in the evolution of statistics. This is due to anisotropy and non-homogeneity, which are particularly exhibited by the dissipative scales, as demonstrated by the wall-normal behavior of the Kolmogorov length scale, η K = ν 3 / 1/4 with the mean dissipation rate, shown in Fig. 2 (the overline indicates average over the homogeneous directions and in time). This feature has an impact on the overall dispersion process because the same separation distance might correspond to different dispersion regimes depending on the local value of η K . In addition, anisotropy changes the shear characteristics and the Reynolds stresses acting on particles, also shown in Fig. 2 . All quantities in this figure are in non-dimensional form and superscript + has been suppressed to alleviate notation: shear is quantified via the mean streamwise velocity gradient du x /dz and Reynolds stress by its u w component. To emphasize the effect produced by such turbulence characteristics on pair dispersion, we identified suitably chosen locations of release for the particle pairs. At the beginning of each tracking, large swarms of particle pairs were positioned in wall-parallel planes located at increasing distances from the wall as shown in Fig. 2 : seven release planes (located at z + = 2, 6, 14, 37, 65, 100, and 150, respectively) were chosen for inertial particles, whereas four additional release planes were chosen only for tracer particles across the z + = 37 release plane, which corresponds to the location of maximum Reynolds stress. We wish to remark here that the choice of the z + = 37 release plane was made because of the influence that Reynolds stress has on downstream square separation, d 2 x (t) . Following Deardorff and Peskin, 46 one can write
where
dτ is the mean downstream displacement with i = P 1 , P 2 , and x P 1 p (t) · x P 2 p (t) is the two-particle distance correlation. In Eq. (6), the second term on the right-hand side represents the combined influence of Reynolds stress and mean shear, and the last term represents the direct effect of mean shear alone.
To categorize further the statistics, pairs were arranged on each release plane according to three different initial orientations obtained putting the two paired particles virtually in touch, with their centers of mass (where all forces are exerted under the pointwise modelling approximation) at one particle diameter distance along either the streamwise, the spanwise or the wall-normal direction. When particle diameter is changed, also the initial pair separation distance, d 0 , is changed. We remark however that even for the larger particles d 0 is smaller than the Kolmogorov lengthscale. By doing so, we expose particles to different levels of small-scale turbulent fluctuations (which are particularly intermittent) and to different shear-induced velocity gradients making it possible to explore their mutual influence on relative Lagrangian dispersion properties. This is especially important at early times, when the Eulerian structure of the flow has a strong effect on two-particle statistics. The Lagrangian approach is chosen here because it addresses naturally transport-related issues by tracing the trajectories of individual particles, like those shown in Fig. 3 for the case of two paired St = 25 particles. The statistical repository gathered in this work for inertial particles covers a total of 63 cases (3 Stokes number families of N p = 10 5 pairs tracked on N pl = 7 release planes with N or = 3 initial orientations), complemented by 33 cases for tracers (1 Stokes number family of N p = 10 5 pairs tracked on 11 release planes with 3 initial orientations). Note that n p = 2N p N pl N or . We remark here that the number of pairs per release plane, N p , was chosen to ensure converged statistics based on the evaluation of the normalized mean square error over N s tracking tests performed using n min p = 2N p /N s individual particles:
where, given the separation d i, j (t) of the jth pair in the ith tracking test, we definedd i (t) = 2 n min p n min
For N s = 4 it was found that σ u ≤ 1% for N p = 10 5 .
III. RESULTS AND DISCUSSION
In this section, we provide a detailed quantitative analysis of the separation process based on the evaluation of Lagrangian observables, first focusing on time-dependent square separation statistics and then discussing conditional number density distribution statistics. The inclusion of conditional statistics is crucial to describe pair dispersion in consistent physical terms, and the reason is associated with the intermittent character of separation. In fact, square separation statistics were computed performing fixed-time ensemble averages of the particles relative displacement. However, as already pointed out in previous works dealing with isotropic turbulence, 16, 47, 48 particle pairs are not expected to enter a certain dispersion regime at the same time, and the arrival time of the particle separation to a certain threshold (i.e., the exit time from a certain dispersion regime) can vary significantly. This is associated with the formation of a broad distribution of separations and results in "contamination" of the statistics, especially those based on fixed-time averaging, by both slowly separating pairs (which remain close together) and rapidly separating pairs (which approach the integral scales). Paired particles separating with widely varying growth rates are observed also in the channel flow configuration considered here, as demonstrated by Fig. 4 . This figure provides a qualitative visualization of few sample trajectories, projected in the longitudinal x + − z + plane, for the two limiting cases of particles travelling together for a long time span (represented with empty circles) and of particles quickly parting their paths (represented with filled circles). In particular, Fig. 4 (a) refers to two pairs A and B released from the center of the channel (z + = 150): pair B does not separate and remains confined in the core flow while travelling downstream; pair A separates as the two particles are brought in the proximity of the wall by turbulence and become exposed to increasing streamwise velocity differences. Eventually, particle A 1 gets trapped in the viscous sublayer and deposits whereas particle A 2 is able to escape the near-wall region. Fig. 4 (b) shows four pairs released near the wall (z + = 2), and selected because of their "symptomatic" behavior: both particles pertaining to pairs C and E remain trapped very close to the wall and do not separate; pairs D and F undergo strong separation due to the large velocity difference existing between the particle that remains trapped at the wall (e.g., D 1 and F 1 ) and the particle that escapes the near-wall region (e.g., D 2 and F 2 ). It is worth noting that, in both situations, particle dynamics must be analyzed considering that paired particles with equal response time may react to local flow perturbations whose timescale changes significantly with the distance from the wall. This is exemplified in Fig. 4(c) , where the wall-normal behavior of the scale-dependent Stokes number, St K , is shown. This quantity is defined as St K = τ p /τ K , τ K being the Kolmogorov timescale. For the present channel flow configuration, the non-dimensional Kolmogorov timescale, τ + K = τ K /τ f ranges from 2 wall units at the wall to 13 wall units at the channel centerline. 37 Hence, the values of St K for the St = 25 particles shown in Fig. 4 range from St K (z + = 0 or 300) 10 (e.g., for particles A 1 , D 1 , and F 1 ) to St K (z + = 150) 2 (e.g., for particles B and D 2 ).
The behavior just described is a macroscopic manifestation of the pair dispersion process, which owes its complexity to the irregularity and variability of particle paths. It is also an indication that different dispersion regimes may overlap due to particle separation being influenced more by characteristic lengths of the velocity field than by characteristics times, 47 and generate possible statistical bias. Hence the need to complement fixed-time statistics with fixed-scale statistics.
A. Mean-square separation statistics
We start our statistical analysis by examining the time behavior of the mean square separation, d 2 (t) . Statistics for both tracers and inertial particles, obtained considering different release planes and different initial orientations, are compared directly to disentangle the effects due to mean shear and turbulent fluctuations at varying inertia. To this purpose, the extent T of the time window over which statistics were gathered (and ensemble average performed) is expressed in terms of number of crossingtimes, τ ct , one crossing time being the time taken by a fluid particle travelling with the centerline fluid velocity u cl to cover one channel length L x along the streamwise direction. In the present simulations, the dimensionless values of τ ct and T are
In this work, ensemble averages (represented by brackets) were performed over all particles belonging to a given Stokes number family, regardless of particles instantaneous location. The corresponding Lagrangian statistics will thus owe their evolution to the specific dispersion dynamics of that family, and will most likely incorporate information from particles that are positioned in regions of the flow with significantly different characteristics. This aspect is of particular importance in non-homogeneous anisotropic turbulent flows (and more so in the channel flow considered in this study), where the velocity field is intermittent and not short correlated in time. In Fig. 5 , we show the time evolution of particle spatial distribution in the longitudinal x + − z + plane for the family of inertial particles with St = 25 released from the z + = 150 plane with initial separation in the wall-normal direction. Note that, for ease of discussion, the St = 25 particles will be considered FIG. 5. Instantaneous St = 25 particle distribution at different times (t + /τ + ct = 1, 3, 5, and 8). For ease of visualization only one half of the channel is shown. Black dots (•) indicate the average streamwise position, X , of the particle swarm at a given distance z + from the wall, errorbars ( ) quantify the spread around X corresponding to the rms value, RM S(X ).
hereinafter as reference for comparison against tracers. Fig. 5 visualizes clearly how the swarm of particles spreads towards the wall as time increases. After one crossing time, all particles have covered one channel length but only a minor proportion has travelled more than half of its way to the wall. This behavior is consistent with the structure of both the mean and the fluctuating velocity fields in this flow: at early stages particles are mainly advected downstream as a result of injection in a region of high streamwise velocity but low mean shear, whereas cross-stream motions are controlled by turbulent fluctuations. Eventually, a large proportion of particles approaches the wall convected along the gradients of turbulence intensity and accumulates in the near-wall region where advection due to mean velocity decreases and relative dispersion due to mean shear reaches a maximum, as it becomes clear towards the end of the tracking (see, e.g., particle distribution at t + 8τ + ct ). In an effort to quantify the qualitative observations drawn from Figs. 4 and 5, in Figs. 6 and 7 we show the time evolution of the mean square dispersion d 2 (t) for tracers and for inertial (St = 25) particles, respectively. A combined analysis of these two figures is sufficient to highlight several important features of the pair dispersion process. To allow direct comparison of results, the initial pair separation d 0 was chosen to be the same for both tracers and particles. First, the effect of the flow field anisotropy emerges clearly after comparison of d 2 (t) profiles for inertia-less tracer pairs characterized by different release planes and initial pair orientations. When released in the near-wall region (Figs. 6(a) and 6(b)), pairs initially displaced along the wall-normal direction separate at a much faster rate 49 than those initially displaced along wall-parallel directions ( Fig. 6(a) ). This behavior is of course due to the action of the high local fluid velocity gradients which readily stretch cross-stream oriented pairs along the streamwise direction thus decorrelating the relative velocity of tracers. At large times, relative dispersion of tracers released near the wall seems to be controlled by such shear-induced separation mechanism regardless of the initial orientation. This is demonstrated in Fig. 6(b) , where it is shown that d 2 (t) (open squares) has its largest component in the streamwise direction (solid line) and the smallest in the wall-normal direction (dashed-dotted line) also for pairs with initial separation vector oriented in the streamwise direction. As the release plane is shifted farther away from the wall (Figs. 6(c)-6(f)) initial pair orientation becomes less important in determining the overall relative dispersion: in the center of the channel, in particular, changes in orientation produce almost no difference in the evolution of d 2 (t) ( maximum shear stress (e.g., d 2 (t) O(10 3 ) after one crossing time in Fig. 6(d) ). The trend is non monotonic since relative separation decreases again when the release plane is located in the channel centerline (e.g., d 2 (t) O(10 1 ) after one crossing time in Fig. 6(f) ). If the square separation vector is projected onto the Eulerian coordinates, it can be observed that the streamwise component d 2
x (t) (solid line) is always dominant for large times, when it becomes roughly two orders of magnitude larger than both the spanwise ( d 2 y (t) , dashed line) and the wall-normal ( d 2 z (t) , dashed-dotted line) components. Interestingly, however, such large magnitude difference in the d 2 (t) components is not observed for short times (e.g., t + = τ + ct ) when tracers are released in the channel centerline ( Fig. 6(f) ). This observation suggests that relative dispersion in this region is dominated by the smallscale turbulent fluctuations of the fluid velocity field up to times when the pair distance reaches scales large enough for the separation dynamics to be again dominated by mean shear. We also remark here that the wall-normal component of the mean square separation, d 2 z (t) , cannot grow unbounded being limited by obvious geometric constraints: our results indicate that d 2 z (t) 10 4 at the end of the tracking, namely that d z (t) 10 2 . This asymptotic value is significantly smaller than the (t) = 2 · Re τ = 300) and seems to suggest that the final spatial distribution attained by paired tracers is preferentially confined within one half of the channel, as will be discussed in Sec. III C.
In Fig. 7 we contrast the time evolution of d 2 (t) obtained for heavy particles with that previously discussed for tracers to highlight additional effects on pair dispersion due solely to inertia. Figs. 7(a) , 7(c), and 7(d) demonstrate that the effect of the initial pair orientation on the time evolution of d 2 (t) shares several qualitative features with that already discussed for tracers ( Fig. 6 ). Similarly to tracers, we notice that paired particles released very near the wall separate much faster if initially oriented in the mean velocity gradient direction ( Fig. 7(a) ), and that the rate at which they are swept apart from each other becomes more and more independent of the initial pair orientation as the selected release plane approaches the channel centerline (Figs. 7(c) and 7(e)). The tendency to achieve higher relative separation when pairs are released in the region of maximum shear stress is also maintained.
However, some important quantitative differences arise which can be evaluated examining Figs. 7(b), 7(d), and 7(f). In these figures, we compare directly the profiles of d 2 (t) obtained for tracers and for inertial particles, conditioned on the location of pairs release. Error bars due to statistical fluctuations are of the order of the symbol size. When pairs are injected into the flow near the wall (Fig. 7(b) ), inertial particles appear to move apart at a much faster rate than tracers during the initial stages of separation, and until the long-period effect of shear on downstream dispersion becomes dominant. A systematic increase in the value of d 2 (t) is observed for t + ≥ 0.1τ + ct in the case of particles, and only for t + ≥ 0.5τ + ct in the case of tracers; asymptotically, profiles collapse onto each other. When pairs are injected in the region of maximum shear stress ( Fig. 7(d) ), there is virtually no difference in the evolution of d 2 (t) (namely there is no effect due to particle inertia) up to two crossing times: then particle separation is faster than tracer separation. Finally, when pairs are injected near the channel centerline ( Fig. 7(f) ), trend reverses and a time lag interval is observed in which tracers separation proceeds faster than particles. The departure of inertial particles from tracers behavior is remarkable, covers roughly the first three crossing times and is made clearly evident by virtue of the small initial distance imposed to paired tracers/particles (note that d 0 is always smaller than the local Kolmogorov length scale). Similar findings have been reported in previous studies 32, 51 yet for homogeneous isotropic turbulent flow. For this flow instance, the observed differences from the tracer behavior were attributed to the occurrence of caustics 31, 52 which give singular contributions to the particle velocity increments inside the viscous range thus making the particle velocity difference with respect to the underlying fluid large. 32 More specifically, it was found that turbulent dispersion of heavy particles is governed by two temporal regimes: the first is dominated by small-scale caustics in the particle velocity statistics, the second starts once particle velocity has relaxed towards fluid velocity and the usual Richardson dispersion is observed for both particles and tracers. 32 Counter to intuition, present results seem to indicate that the behavior just mentioned is macroscopically recovered when pairs are released in the near-wall region, where anisotropy and flow inhomogeneities dominate, rather than in the channel centerline, where turbulence becomes more homogeneous and isotropic. A possible explanation to this finding is related to the well-known phenomena of inertial particle segregation and preferential concentration. 2, 21, 24 It has been long established that heavy particles in low Reynolds turbulence are governed by fluid strain, namely centrifuged out of the turbulent eddies and accumulated in regions of low vorticity and high strain rate. In the near-wall region, the centrifuging phenomenology implies that particles are preferentially displaced in the cross-stream plane by the turbulent vortical structures which populate this region and generate areas of high streamwise vorticity alternated to areas of high cross-stream strain. 53 Due to such selective particles-turbulence interaction, pairs can be readily transported along the spanwise and, most importantly, along the wall-normal directions by vortices. During this motion, the residual turbulent velocity fluctuations near the wall (here comparable to the mean velocity) perturb continuously pairs separation distance, which then grows in its wall-normal and spanwise components more than in its streamwise component (see Fig. 7(a) ). Increased cross-stream separation, in turn, induces significant particle pair velocity differences δu p (Ref. 54) in the mean gradient direction, which ultimately trigger streamwise separation. This chain of events is not experienced by tracers which do not undergo vortical centrifugation because of their ability to follow exactly the flow. Hence, tracer pair separation cannot be boosted by this mechanism within the initial temporal regime dominated by inertial effects and small-scale turbulent fluctuations. After such a transient, the relative separation dynamics forgets the initial condition and tracers separate explosively (see Fig. 7(b) ) with a power-law behavior which however does not recover in a clear manner the Richardson prediction. Away from the wall, the three components of the fluctuating vorticity are identical 53 and there is no preferential direction for particles sweeping by turbulent structures, as demonstrated by Fig. 7(e) . In addition, the shear rate is small and the streamwise fluid velocity becomes predominant compared to velocity fluctuations. Under these conditions, small-scale turbulence is not able to induce significant velocity differences δu p (at least sufficient to trigger from the very beginning streamwise separation of pairs) and preferential concentration has a sort of damping effect on relative dispersion of inertial particles. Again, these effects are not felt by tracers, which maintain their capability to diffuse faster upon injection into the flow. To put in a correct perspective the evaluation of pair response to the underlying turbulence, it must be recalled that particle inertia is a scale-dependent quantity in our problem (see discussion of Fig. 4) .
A final remark on Figs. 6 and 7 is that it is not possible to either identify a clear Richardson scaling or distinguish between Richardson and Batchelor scaling from these figures. This limitation is quite common to numerical studies based on direct numerical simulation 16, 55 but was also encountered in experiments, 56, 57 and arises because the flow Reynolds number is not large enough to provide the separation of scales that is required to observe a wide enough inertial range. It is thus believed that a broad crossover from the dissipation regime (in which separation grows exponentially) to the diffusion regime exists that hides the intermediate inertial range regime. 55 An alternative explanation was proposed recently by Rast and Pinton 18 who hypothesize that Richardson scaling is not prevented by a lack of inertial range dynamics. Rather it is blurred by intermittent dynamics, due to successive trappings of particles by turbulent coherent structures, which generate a broad distribution of delay times, one delay time being the time needed for the distance between a particle pair to increase significantly (by a factor of 2, for instance). According to Rast and Pinton, 18 the averaging over these delays dominates the observed d 2 (t) behavior.
B. Single-particle PDFs
In Sec. III A, we have demonstrated how the flow stretches the distances between particles along the shear, altering the usual diffusion law. We have also shown that this process appears to be governed by two distinct time regimes for separation: an inertia-modulated regime, in which separation is triggered by small-scale interactions between particles and turbulence; and a subsequent shear-dominated regime, in which long-term separation is governed by mean shear. In spite of all the useful information provided by the analysis of the time-evolving mean square pair separation, there are still some unanswered questions concerning the interplay between flow field characteristics (mean shear and instantaneous turbulent fluctuations) and particle properties (inertia). In particular, it remains unclear how the different dispersion dynamics affects the statistical behavior of d 2 (t) . To gain further insight into this issue, we analyze the probability density function (PDF) of singleparticle position for both tracers and inertial particles conditioned to the location of the release plane. This quantity is equivalent to a normalized instantaneous number density distribution of tracers/particles along the wall-normal coordinate.
The PDFs obtained for tracers/particles released very near the wall are reported in Fig. 8 and show that tracers can diffuse toward the outer flow faster than inertial particles in the short period (see Fig. 8(a) , computed one crossing time upon injection). Even though the tail of the PDF is characterized by rather small absolute values, it can already be inferred that tracer pairs are more likely to reach spatial regions where differences in the mean streamwise velocity of the fluid are smaller (weak shear): as a result, the velocities of these pairs remain more correlated than the others in time, and relative dispersion is delayed compared to inertial particles which sample near-wall regions of large streamwise fluid velocity (strong shear) longer. At large times (see Fig. 8(b) ), all velocity components exhibit a trend of rather steady de-correlation with time and the velocity increments of both tracers and particles eventually thermalize approaching those of the underlying fluid. 32, 50 Inertial effects, however, modulate this tendency by generating different distribution profiles: after eight crossing times, particles are seen to accumulate more efficiently than tracers at both channel walls thus sampling more often regions of the flow where shear characteristics favor relative separation. These observations provide already a first interesting insight into the behavior shown in Fig. 7(b) .
The PDFs obtained for tracers/particles released at the channel centerline are shown in Fig. 9 for the same time instants considered in Fig. 8 . From a qualitative viewpoint the PDF behavior is similar to that observed examining Fig. 8 , since it is again driven by local particles-turbulence interactions and modulated by inertial effects: tracers spread in the cross-stream directions faster than particles at small times ( Fig. 9(a) ); whereas particles accumulate near the wall more than tracers at large times ( Fig. 9(b) ). Based on this different evolution it can be concluded that (i) in the short period, tracers are more likely than particles to reach regions where shear can boost their pair separation along the streamwise direction: this would justify the different values of d 2 (t) observed for tracers and particles at t + /τ + ct = 1 in Fig. 7 (f) and (ii) in the long period, the same turbulent transport mechanism favors separation of particle pairs more than separation of tracer pairs precisely because near-wall accumulation exposes particles to larger velocity differences: the time persistence of this preferential sampling induced by inertia would determine the cross-over in the profiles of d 2 (t) observed for times larger than t + /τ + ct 4 in Fig. 7(f) . Figs. 8 and 9 indicate that, with respect to the channel centerline, non-stationary single-particle PDFs are symmetrical and Gaussian only for tracers/particles released in the wall-parallel centerplane and only within the time window 0 ≤ t + ≤ 3τ + ct (as demonstrated, for instance, in Fig. 9(a) , which shows the good agreement between the computed PDFs and the Gaussian PDFs). In this case, it is straightforward to derive a parametric model to predict the time evolution of the PDF and a time-dependent law for the variance σ 2 of the distribution. A different parameterization is required when tracers/particles are released in the near-wall region. Based on the evolution of the tails of the PDFs observed in Fig. 8 , it seems reasonable to adopt an exponential fitting function of the form f (T ) = k · exp(−T /T ) where it is set T = t + /τ + ct to alleviate notation. This function allows data fitting over a larger time range 1 ≤ T ≤ 8. Results obtained upon fitting the numerically obtained, time-dependent values of σ 2 , k, and 1/T are shown Fig. 10 . For ease of discussion, we limit ourselves to inertial particles, yet we consider all Stokes numbers to emphasize the role of inertia. Fig. 10(a) shows fitting of σ 2 with a parabolic function of the form g(T ) = αT 2 + βT . Asymptotic agreement between numerical results (symbols) and parametric model predictions (lines) is very good for each Stokes number, provided that values for α and β are properly set. Note that α decreases (resp. β increases) for increasing St. Figs. 10(b) and 10(c) show fitting of k and 1/T, respectively, with a function of the form h(T ) = γ + α · exp(−T /β). Again, agreement at large times is generally quite good whereas discrepancies arise for the short-term (t + /τ + ct < 3) prediction of k in the St = 5 and St = 25 cases. These parameterized formulations can be of interest from the perspective of modelling the relative spread of the cloud generated by particles upon release into the flow, a key information when dealing with Lagrangian stochastic simulations of lateral dispersion and mixing phenomena.
C. Number-density distributions of pair separation distance
The single-particle PDFs just discussed represent a straightforward tool for extracting Lagrangian information about the collective dispersion dynamics of tracer/particle swarms. Besides corroborating the qualitative behavior shown in Fig. 5 , they provide a plausible explanation to the strong departure of inertial particles from tracer statistics. However, they cannot be used to assess the statistical bias introduced in fixed-time observables like d 2 (t) as a consequence of the simultaneous occurrence of different dispersion regimes (pictured on a qualitative basis in Fig. 4 ). To investigate on this problem, we propose to examine the number density distributions of the pair separation distance d(t) and of the streamwise component of the pair velocity difference δu p, x (t), shown in Figs. 11 and 12 for the same two reference release planes selected in previous figures: z + 0 = 2 and z + 0 = 150, respectively. In these two figures, N p is the number of pairs characterized by a certain non-dimensional value of d(t) or δu p, x (t) that were counted at a given time instant (t + /τ + ct = 1 or 8). Fig. 11(a) tracers can escape more easily from the near-wall region (see Fig. 8 and relative discussion), they are observed to cover a narrower range of separations compared to inertial particles. The peak of the N p distribution for tracers corresponds to a value of d(t) very close to the initial pair separation d 0 , whereas the peak of N p for particles is reached for values of d(t) that are nearly one order of magnitude larger. Note that the area covered under the N p curve is also larger for the St = 25 particles. The different shape and spread of the two distributions are further quantified by their mean value, given by the square root of d 2 (t = τ ct ) and represented by the vertical lines in Fig.  11(a) . The point of interest in interpreting the results just discussed is that, already at relatively short times, the interplay between inertia and turbulence can trigger particle pair separation more efficiently than tracer pair separation thus explaining the different values of d 2 (t) observed in Fig. 7(a) . At long travel times (t + /τ + ct = 8), the distribution profiles of Fig. 11 (a) evolve becoming those shown in Fig. 11(b) . Both profiles level off and, before approaching saturation levels, develop a plateau (wider for particles) at large scales of separation. The area covered under the N p curves is approximately equal, in agreement with the asymptotic behavior of d 2 (t) shown in Fig. 7(c) . An important information that can be extracted from combined examination of Figs. 11(a) and 11(b) is that both tracers and particles sample rather homogeneously the d(t)-parameter space with the consequence that Lagrangian pair dispersion statistics in our problem are affected by contamination from all possible scales of separation, and not just by rare, extreme separation events. Finally, in Fig. 11(c) we show the number density distributions of N p as a function of δu p, x (t) at t + /τ + ct = 8. Given the obvious correlation between d(t) and δu p, x (t), the shape of the profiles is qualitatively similar to that observed in Fig. 11(b) , except for the presence of a peak (highlighted by the circle) in the N p -curve of the St = 25 particles. This peak, which is not observed for tracers, occurs at δu p, x (t) 16: in the present flow configuration, such value corresponds to the streamwise velocity difference between a fluid parcel moving at the wall and a fluid parcel moving along the channel centerline. Intuitively, it could thus be associated to a significant proportion of pairs having one particle near the wall and the other close to the channel centerline. This situation would be compatible with the two time-and scale-dependent separation mechanisms envisioned previously (see Sec. III A). First, in order to achieve large inter-particle distances, inertial pairs released near the wall need to be displaced by small-scale turbulent fluctuations along the wall-normal direction, where they can become exposed to large streamwise velocity differences within the viscous sublayer. Then particles redistribute within the channel due to preferential concentration effects and eventually attain the spatial distribution shown in Fig. 8(b) . As our results show, this distribution is associated to a wide spectrum of both separations ( Fig. 11(b) ) and relative velocities ( Fig. 11(c) ): during the long-term shear-dominated regimes, separations, and relative velocities can arguably be maximized only in correspondence of particular relative positioning of paired particles.
The validity of this interpretation seems to be corroborated by the number density distributions obtained for pairs released from the channel centerplane, shown in Fig. 12 . One crossing time after injection, tracers exhibit a stronger tendency to fill large separations compared to inertial particles, whose mutual distance seems to grow at a slower rate due to preferential concentration effects (see Fig. 12(a) ). Later in the evolution, number density distributions for d(t) in Fig. 12(b) and for δu p, x (t) in Fig. 12 (c) resemble qualitatively those of Figs. 11(b) and 11(c), respectively. Consistently, the peak of N p at δu p, x (t) 16 is observed again, suggesting that the asymptotic spatial distribution of pairs is little dependent on their initial location of release.
To complete the analysis of conditional statistics, in Fig. 13 we show the PDF of the cloud relative spread for both tracers and inertial particles. The spread is evaluated considering the position of the center of mass, R z , of each pair with respect to the solid wall using a fixed-scale/fixed-velocity type of approach. More specifically, in Fig. 13(a) we show the wall-normal number density distribution of R z obtained recording the value of R z whenever a pair is found to meet the threshold condition d = 1000, d being the separation distance of that pair in wall units. In Fig. 13(b) , the R z distribution is shown when the threshold condition is applied to the streamwise component of the relative pair velocity (δu p,x = 10 in wall units). Both figures refer to tracer/particle pairs initially oriented with the mean flow and released either at the z + = 2 plane or at the z + = 150 plane. As expected, distributions are always symmetric with respect to the channel centerline when pair injection occurs at z + = 150, this being true for both tracers (open squares) and inertial particles (black squares) regardless of the threshold condition to be satisfied. Symmetry is of course lost when pair injection occurs at z + = 2 (see open circles for tracers and black circles for particles) because threshold conditions are matched before a significant proportion of pairs can sample the opposite half of the channel. The interesting feature common to both panels of Fig. 13 , however, is that all profiles develop a peak within 50 wall units from the wall. This peak is clearly produced by pairs that sample non-homogeneously the flow domain, namely by a preferential tracer/particle distribution around the instantaneous centre of mass of the pair.
Results of Fig. 13 should be read in connection with results of Figs. 11 and 12 . For instance, if one considers the PDF(R z )-profile for the St = 25 particles belonging to pairs released from the z + = 2 plane (black circles in Fig. 13(b) ), then one observes that this profile develops a peak around z + 20 or, equivalently, that the majority of pairs with δu p, x > 10 (which produce the peak of N p around δu p, x 16 in Fig. 12(c) ) are confined in a near-wall region about 40 wall units thick. Here, paired particles can attain such large relative velocities (and in turn large relative separations, see Fig. 12(b) ) only if they are positioned at the far ends of the region where mean shear separation effects can be maximized. 
D. Analysis of shear separation effects
For modelling purposes it is important to determine how the dynamics of pair separation has different characteristics in each flow direction due to the presence of shear in the mean velocity field. Most of previous analyses focus on effects of linear shear. 34, 50 In this study, we consider nonlinear shear, which is typical of complex non-homogeneous flows in real applications. In sheared flows, pair dispersion is determined by the interplay between shear effects and turbulence effects: currently, it is not clear to what extent these effects can be modelled as separate superimposed phenomena, even in the case of large scale separation. To examine in detail the relative importance of the two phenomena, in this section we isolate shear separation effects from turbulence-induced separation effects by looking at the time evolution of the mean-square separation, d 2 (t) , in the absence of unidirectional convection driven by the mean speed of the flow. The idea is to discard the effects of mean velocity gradients and single out those that can be attributed solely to turbulent velocity fluctuations. This is accomplished by re-tracking particles using just the fluctuating streamwise fluid velocity, u @ p (x p , t) = u @ p (x p , t) − u @ p (z p , t) with u @ p (z p , t) the mean velocity at the wall-normal particle location z p , in the particle equation more rapidly when pairs are subject to the action of mean velocity gradients, leading to much higher pair separations at the end of the simulation (the increase being of one/two orders of magnitude roughly, depending again on inertia and initial pair orientation). Not surprisingly, the most evident changes are observed in the near-wall region and particularly for the time evolution of d 2 (t) for pairs initially separated along the wall-normal direction (d 0 = d 0, z ), shown in Fig. 14(a 
IV. CONCLUSIONS AND FUTURE DEVELOPMENTS
In this work, we have examined from a statistical point of view turbulent pair dispersion in non-homogeneous anisotropic shear flow. Statistical characterization of pair dispersion dynamics is of fundamental importance for transport processes in turbulence, particularly those involving mixing of liquids and gasses, since relative separation of pairs is intimately connected to local concentration fluctuations. 56 Because of this connection, the present study is also useful as benchmark for validation of two-point models 17 for predicting the relative velocity distribution of particle pairs in wall-bounded flows. Development of these models will be particularly useful to advance Eulerian approaches to large-eddy simulation (LES) of particle transport in turbulent flows. Current subgrid scale modelling can have a profound effect on particle dynamics 58 and can affect particle pair dispersion for small initial separations in problems with localized pollutant sources. 59 Pair dispersion statistics have been analyzed for the reference case of turbulent channel flow, in which the shear profile replicates that of real bounded flows and the structure of the flow exhibits strong anisotropy in the direction normal to the wall. The two-particle statistics that have been considered to probe relative dispersion refer to the classic mean square separation, d 2 (t) . The main findings of this study can be summarized as follows:
(i) Turbulent velocity fluctuations and shear dominate pair dispersion at distinct time regimes, giving rise to different anisotropic behaviors. At small timescales, turbulence provides the main mechanism which triggers pair separation. At large times, the effect of mean shear on turbulent fluctuations becomes predominant when the separation distance becomes comparable to the largest scales of the flow. Within this time regime, pair dispersion exhibits a superdiffusive nature which is not recovered by standard diffusion laws in a consistent manner and no clear dependency of d 2 (t) with time is noticed. In particular, the Richardson's t 3 -scaling behavior is never observed to occur over significantly long time intervals.
(ii) For small initial separation of pairs (smaller than the Kolmogorov length scale), dispersion statistics are strongly influenced by the orientation of the separation vector. In particular, dispersion of pairs oriented along the wall-normal direction appears to be dominated by shear at practically all times.
(iii) The rate at which inertial particles separate can be higher or lower compared to that of fluid tracers depending on the distance from the wall at which pairs are released: the different behavior is determined by the combined influence of inertia and flow anisotropy on pair dynamics. For given inertia, our results indicate that separation rates are higher when pairs are released in the region of maximum Reynolds stress.
(iv) Consistent with the anisotropy of the velocity fluctuations in channel flow, the asymptotic form of the number density distribution for both particles and tracers is significantly non-Gaussian because particle displacements in the different directions are, as a result of mean shear, neither independent nor identically distributed.
(v) When shear separation effects are removed, separation rates appear weakly affected during the initial dispersion transient, but grow slower afterwards leading to much smaller asymptotic separation distances. Even without unidirectional convection, the streamwise component of the separation distance is still the dominant one. However, without shear inertial effects are damped and pair separation shows the same growth rate both for tracers and inertial particles.
These findings represent the first necessary step towards a more thorough comprehension of the physics of pair dispersion in shear flows. The parametric study performed here in the (Re τ , St) space has been restricted to just one value of the Reynolds number to evaluate inertial effects without changing the degree of turbulence of the flow field. Future extensions of the study should gather a more complete collection of results at several configurations of the system fluid turbulence-inertial particles. In particular, higher values of Re τ should be considered to investigate the dependence upon the Reynolds number of the inertial particle pair separation.
In view of anisotropy, another issue of considerable interest is the effect of the magnitude of the initial separation vector on pair dispersion statistics. While in this paper we have addressed only the effects associated to different initial pair orientations, looking at changes in the statistics due to changes in the initial pair separation would clearly provide many further information useful for modelling purposes. Finally, inclusion of exit-time statistics (whose computation and evaluation is currently under-way) also represents a future development of this work. A methodology of analysis based on such fixed-scale statistics is expected to provide more clearcut information about scaling behavior of pair separation when averaging at fixed separation scale.
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